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Actual boundary

Apprommate boundary

Typical node
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To use an FE program

Decide types of physical Define a specific problem
problems to be analyzed * Geometry
+ Physical properties
¢ Solid mechanics ¢ Acoustics * Loads
+ Heat transfer e 1-D, 2-D, 3-D
+ Electromagnetics * Linear
¢ Fluid dynamics * Nonlinear |
¢ Quantum mechanics  * Imput data to program
¢ Geometry of domain:

'

Describe mathematically
+ Governing equations
+ Loading conditions

!

Derive element equations
®  Convert governing equations into
algebraic form
Select trial functions

Prepare integrals for numerical
evaluation

Write computer code
Tsze efficient algorithms for
®  Aszsembly of system equations
*  Application of loads
®  Solution of system equations
®  Post-processing
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* Physical properties

¢ Loads — interior and
boundary

* Type of output desired
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Process output

Select type of data
Generate related data
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SHAPES OF SOME CLASSICAL ELEMENTS

(4) One-dimensional elements
— e —

Lineor (2} Quodratic (3) Cubic (4)

(b) Two-dimensional elements
Triangular clements

A > D

Lnear(3) Quodratic (6 Cubic(9)

Quadrilateral elements.
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(¢) Three-dimensional clements
Tetrahedronal elements

P

Lneor(4) Quadrotic (10) Cubic (16)

Hexahedronal elements

Lineor (8) Quadratic (20} Cubic (32)
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Prismatical elements

Lines (6) Quadraotic (15) Cudic(24)
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Classical Variational Methods
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—
Due: September 122024 NAME: Ea}{’aﬂ Maaron
J

HOMEWORK SET #1
ME/AF 5212 Introduction to Finite Element Analysis

Construct the weak form and, whenever possible, quadratic functional.

1.
Il" '
—i;‘ha%-}=f for Dex<L
¢ ™
u®=0, [a®+m]| =P
E Ifit i
(10 pointz)
2. (#2353 Text)
A 0 forO<x<l
del " de)
[ du =
| u— =0, ul =42
( dr]g_" W=+
(10 points)

Finite Element Analysis Page 10



(b (a0 e s < faic

0:

w=s-v

[
. = du
: g[-*\l%*(,u‘/;vb - P"] Jx 2= 60 AT\
0
[ a (" (v 2 (o25)0
(ot aevetil,
v \"’ VL\_}LP"“’ *:LX = ’VO\./\ g ( J/V;\
Vo S+ 'Y i J
g e dv Va2t
(&a/;**k“)‘féL:P Q &a{"r l*‘L‘ P -KulﬁsL s(m b3 7\ (a d*pO
I ('a.%: % -'fv>31~ - vl (P-ka l‘gLS
TR ORI o) - vED L=kl
v}
QIV“" ke Fose I vaal,
0: I?Lv,u)—.l(,v)
BLv,w)? Lag (a 4, 4 )4x
s L v (/L) P'r“j-’L
LL)y: 03({ Y+ 4 v ( >
Fla v)
Tw: —3‘2‘ - AL
~ 2 L
T ? }z So;('\/';;. I 'vj(-fu)ér— uCL)(P—ka)‘,b

L 2

B0 2 LS -4 wasirn

Finite Element Analysis Page 11



D= (v[- %Ll

é'f'
(4

N\

;S (- v (22« 0 )iy
|

n

05 (» %, 3’\;’1& L ’wa/s:\o

!
0 = os (U»J:‘*%’} + Iv)Jﬁ

na'i' wnhb‘{""c, Ao %UaJn“);c

fw\ v“:m a\ .

Finite Element Analysis Page 12



Second Order Equations
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Homework 2

Thursday, September 12,202 M MY 1 H
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Due: September 19, 2024 NAME: [Zanboa T ey Com

HOMEWORK SET # 2
ME/AE 5212 Introduction to Finite Element Analysis

1. (#2.11 Text)
Use trigonometric functions for the two-parameter Ritz approximation and obtain the
Ritz coefficients using guadratic functional approach for the following equation:

N
—i{(l—xjd—u =0 for 0=x<1
dx dx |
w(0=0, uwl}=1
Compare with the exact solution _ log, 0+ x) at x=1/2.
log,, (2}
Given: u=¢, +qi, + iy
iy = si.n%= fh =singx, ¢, =sin27x
(10 points)
2. (#2.24 Text)
Consider the differential equation
*u
———=CO0S X for O=x=<l

dx’
subject to the boundary condition
w(0)=0, u(l)}=0

Determine a three-parameter solution, with trigonometric functions using collocation

;{tx=l,l and E
42 4

Compare with exact solution u, = 7~ %(cosmx + 2x — 1) at x=1/4.
Given: u =gy + o + ey + oty
iy =0, d =sinTx, ¢ =sindxx, ¢ =sin3vx
(10 points)
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a0f 4 cos Tk
)/:: R T T L St
+
clc
clear all

format long

syms ® cl c2
u=cl®*sin(pi*x)+c2®*sin(2%pi*x)+sin(pi*x/2)
du=diff{u,x)

du_2=du~2

I=(1/2)*int((14+x)*du_2,x, @, 1)

[€l_sol, c2_sol] = solwe([diff(I, cl) == @, diff(I, c2) == 8], [cl, c2])

cl_sol = double(cl_scl)
c2_sol = double(c2_scol)

u_sol = subs{u, [cl, c2], [cl_seol, c2_sol])

ritz_sol = subs(u_sol, x, 1/2)
ritz_sol = double{ritz_sol)

exact_sol=double({subs(logle(1+4x)/logla(2), x,1/2))
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7

du =

(pi*cos | (pi*x)/2))/2 + cl*pi*cos(pi*x) + 2*c2*pi*cos(2*pi*x)

((pi*cos ((pi*x)/f2))/2 + cl*pi*cos(pi*x) + 2Z*c2*pi*cos(2%pi*x))"2

(3*cl™2*pi~2)/8 - (20%cl*c2) /9 + (2*cl*pi)/3 - (10%cl)/% + (3*c2"2*pi~2)/2 - (4*c2*pi)/15 -

cl sol =

(8% (- 405*pi“3 + E75*pi”~2Z + 120%pi + 136))/ (5% (728*pi~4 - 1600))

c2_sol =

(4% (405%pi~3 + 458%pi”~2 - 3000%pi + 5000))/(25*% (728+pi~4 - 1600))

cl _sol =

-0.124073713623187

c2 sol =

0.029189312440156

u_sol =

(6B*c2) /225 +

(3*pi~2)/32 - 1/8

(4206623252118049*%sin (2*pi*x))/144115188075855872 ~ (2235113321759437*sin(pi*x))/18014398509481984 + sin((pi*x)/2)

ritz_sol =

2*{1/2)/2 - 2235113321759437,/1801439850594819584

ritz_sol =

0.583033067563360

exact sol =

0.584962500721156

-
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1 cle
2 clear all
3
4 format long
5
i} syms x cl c2 c2
7
8 u=cl*sin{pi*x)+c2*sin(2¥pi*x)+c3*sin(3* pi*x)
9 du=diff{u,x)
18 du2=diff(du,x)
11
12 R=-du2-cos(pi*x)
13
14 [cl_sol, c2_sol, c3_sol] = solve([subs(R, x, 1/4) == @, subs(R, x, 1/2) == @, subs(R, x, 3/4) == @], [cl, c2, c3]}
15 cl_sol = double(cl_sol)
16 c2_sol = double(c2_sol)
17 c3_sol = double(c3_sol)
18
13 u_sol = subs(u, [cl, c2, 3], [cl_sol, c2_sol, c3_sol])
28
21 collocation_sol = subs(u_sol, x, 1/4);
22 collocation_sol = double(collocation_sol)
23
24 exact_sol=double(subs(pi~(-2)*(cos(pi®x)+2%x-1), %, 1/4))
duz =
- cl*pi*2¥%sin(pi*x) - 4*c2%pi~2*sin(2*pi*x) - 9*c3*pi"2¥*sin(3*pi*x)
R =
cl*pi*2%sin(pi*x) - cos(pi*x) + 4%c2¥*pi~2%3in(2%pi*x) + 9¥%c3*pi~2¥%zin (3I*pi¥*x)
cl_sol =
a
c2_sol =

2~ (1/2)/(8*pi~2)

c3_sol =

cl_sol =

cz_sol =

0.017911224007836

c3_sol =

u sol =

(5162558833116179%*sin(2*pi*x) ) /288230376151711744

collocation sol =

0.017911224007836

exact_sol =

0.020984304210176
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Homework 3

Thursday, September 26,202 mMmMY n T

T
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Due Date: October 1, 2024 NAME: otpe

HOMEWORK SET # 3
ME/AE 5212 Introduction to Finite Element Analysis

1. Solve the following differential equation
d dul|_

for the boundary condrfions .,
au’
u(=0 a—||... =
© (o5 Jle=0.

Use four linear elements. Assume a=1,g=x L =2 and Q=0
(10 point=)

2. Determine the unknown displacements of the stepped bar. Use the minimum number
of linear bar elements.

-i[EAE =0, D=x=<L

y . de|  dx ]

y d=4in

g 125 kips

PV aumimm ——F— Atminm —]

% 125 kips

1 Je "L

1 12in T $in T 4 1
4

Steel, E,=30 x 10f pet, Ahmminum, E.=10=x 106 pat

(10 points}
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A-Midterm+ExanfFEA

Tuesday, October 8,202: mnYpT

T
A-Midterm
+Exam-FE

NAME: Egoton %

ME/AE 5212
INTRODUCTION TO FINITE ELEMENT ANALYSIS
MIDTERM EXAM

Guidelines:

Exam 15 open book (Class notes, HW and textbook)

Need handwritten solution with all the steps and only calculator is allowed.

The test must be completed individuzlly in one sitting,

Exam duration is 1 hr 30 min (11 am — 12:30 pm).

Submit the solution along with this cover page (with full name and signature) as a single
pdf file in canvas.

e e b

Missouri 3&T Student Academic Conduct and Honor Code Statement:

I affirm that I have net given or received amy unauthornzed help on this exam and that this
is my own work.

SIGNATURE [Loykes L NS
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1. Find a one-parameter Least Squares solution of the equation
d2u
dur
u(0) =0, (a)g:1 =4
Uze o =2x and ¢1=x (x-2)

+x°=0for O<x<1

(20 points)

2. Construct the weak form of the following equation and express it as bilinear and linear
functions. Also, obtain the quadratic functional if possible.

d du
= 2y 2% |
dx[(1+2:r ]ix]-i—u_x for0=x =1
du
u(l) =8, (H)m =16

(20 points)

3. For the composite bar (circular cross-section with dismeter d) shown in figure,
determine the axial displacements. Also, determime the secondary unkmown (reaction
force). Use Es: = 30 x 10% psi, Ear= 10 x 10° psi, and the minimum nuraber of linear
elements.

d(_, du)
—ELEAEJ:CI for0<x=<L
d=6in dEn - TEOBfin gepom

(30 points)
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o

j

u

4. An mmlating wall 1s constructed of three homogeneous layers with conductivities &, ,
kyand k, In intimate contact. Under steady-state conditions, the temperatures of the
media in contact at the left and right surfaces of the wall are at ambient temperature of
T2 and I7, respectively, and film coefficients §,and 8, , respectively. Assume that
there is no intermal heat generation and that the heat flow 15 one-dimensional
{87/ v =0). Use the minimum number of linear finite elements to solve the proklem.
Determine the simplified condensed equations only (need not solve for temperatures).

The governing equation is

d dT
—El:kﬁa-l=0 D=x=L

and boundary conditions are:

dr . ar o ]
[—kﬂzhﬁ‘.{(_}'—};_l} =0; [th&il\f—i‘;)l =0

i) Lxmi

Air at temperature,
IF=33%C

Film coefficient,
By =15W :'IZm: . ’CII
ko =80 Wim . °C)
ko =40 Wim . °C)
ks =20 Wim . °C)
A=1m?

by =007 m
h:=0.040m
h:=0.035m

T =140°C
B, =10W {{m*.°C

(30 points)

:]& 14 Ix=0
3L

= Pt = Teel, wlx-2) s 2w (420

Ro.d% 3

ot

-1t
b oz G '
&t
W
>~z A
%
3
[ -2t + *
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Computation

Tuesday, October 15,202: mmY n n

E‘L.. 66\055 El:"' taa tion e nu.)

*\ -k + };.) z |0 [
1»(.*%,#%): 15 1
‘J}‘.,’I.'f.l “tazh )

B[;h;nq*‘- *. {U‘ﬂ Z L“ ﬁvl‘lf“"ﬁ (7'{ -2 Ofn) ‘JJ;‘\j ) S&M Fv’ }ﬁu("'}l:") L[ ",
LIRS S =0
b4y =58y 77§
bta ’\)")5 -

i\" 1“! *%3 =ID

¢ | -1 3 A, 1o
53, - Sty U R O B B

o"L%
-'7-'..)’ -1% 0 o -7 b

J\/ v pital T/'\ te e boa ,
Nou ton 'COI'% q/uql rmtue
b

T2 (e (507 w feny

Y

Weight coefficients for the Newton-Cotes formula

Elw mie e

8 B
2 12 3
i a0 50 30 0
’ 19 75 50 50 75 19
: 288 ZRA 288 a4 2B8 288
41 216 27 272 27 216 41
840 B40 840 B40 &40 840 B40
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T- §ient- LZAORIRTANIIYA SRR ERIA R

\

Weights and Gauss points for the Gauss-Legendre quadrature

:
| Ferae = Zr:z, w,
-1

=1

Points, 4t ' Weights, wi

00000000000 1 2.0000000000
4),5773502692 2 10000000
0.0000000000 3 0.88888888K9
10.7745966692 05555555555
+4),3399810435 4 06521451548
+0.8611363116 0.3478548451
0.0000000000 5 0.568888RRR9

+).5384693101

+0.9061798459 0.2369268850
+0.2386191861 6 04679139346
+0.6612093863 0.3607

+0.9324695142 0.1713244924

TNote that 0.57735...= 1/\ﬁ 0.77459..= y/3/5, and 0.888...= 8/9, and 0.555..= 5/9

r"\ Pdu"b&“” {,d‘\v‘“p""g ' ¢’¢1J‘9 Ej.a.b'l' ).‘0};”“

‘-f Po’,alﬁ‘:ﬁ‘ XS J&“n.(, Zral or ILIS.
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1= S(’Z,u’s{‘»r U2’) da

)
2
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Y g upz)

-
§U) = Tpadyt 440
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1= wfre)+w, fCE)

3
. - . PR 4 .. A& ~\1
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Computer Project

Thursday, October 17, 202: M MY 11 c

&
E-Compute
-Project-2..
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Beams

Thursday, October 17, 202¢ M H Y N1 M
1-0°
Ewle - Betnna i Beom ooy
N2 sheor  Jetometin
‘ Fb“’nl os Je eqs
¢ Thin leam (U 2100)
T.e-usL én l(v e&wv\ Tkw'_(
4 I"olu“o skw defermcs: on
. Two 5 ag,ml or fer €90
. Myl‘a hl( f’l.:b 1’4 {;(,.,/.,
Fuoler - Gn.mo,_, i :
* Pw )+ KW
£ (e EL) kvt
¥
it E'i:: W;J’ Aﬂ‘ 4 Lgas‘}' a~ J k’,30l
b ’)‘4. -b - )lo
k"‘ ZE.I» Yy ’Ll.ol 19 l:
b, -b She & ke
ke LT I, 24!
rt @
e | -u Q1
v
TR > R B
he Qi
Assembled Equations:
_K1l| Kllz K|Ix K|]4 0 0]
KIIJ K'_I’E K:E.‘ KEIJ 0 0
[Kr:|= Kll.‘ K'_I’\ K‘Iﬂ + Klll K1I4 + Kljl KI:.J Krll-l
K|I4 K"_Iu K_i4+K13: Kﬂlm"'K::: K5, K,
0 0 Klz.‘ K;_‘ K?‘ KTEJ
|0 0 K K, K K|
Q: ( QII
4, 0,
1 2 1 2
4, +q O; +0,
{F}= I ]2 T I:
da+q; | |Qi+O;
a: o;
R o;
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Example Problem 1 (# 5.8 Text)

Use the minimum number of Euler-Bernoulli beam finite
elements to analyze the beam problem shown. Determine
the unknown displacements and rotations.

.

Y T T TEl=cnnstant

h __h
T

Moliny E4n .

[«pa - 5

ET> wnst , 4= cost, Kp= O

L -)‘)‘ -6 ~The
g :?-E,,Ia -k, vhyt 3k “:
[k] T2 6 e ke
She LT Y The
[ A
. L LL g“
g‘:} < q'_‘:._g 1‘} + (2“
e 3
be e
N
L -3 -4 -3k
[kyk*]: (27 2 T TR Y B VR L clenedts
W3 6% D
St n o w”t
P31 L1950, e
F 3= .,L -4 T Q.
33 : 97'
d.‘l
1
1 QL
F= Nas
a
Q,
a
6(4 T'/u ru) ug
Posemile K ) 9 T DOF o mse
o Wy we
(6 3% 4 k0 o[« ] @'
S T AN S S P -h ¢
TEL | -6 % 0k A b O[S, . gob 3 Lo
[ S TR TR VIR TRt A R 1A ? V(& 7 Bsr@, )
v o ~-b L us Iz '] )&:&Q:
9 o -4 IR 1) Zl.z_“u,‘ 4 0‘;
\ Q.
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Example Problem 2 (# 5.15 Text)

Use the minimum number of Euler-Bernoulli beam finite
elements to analyze the beam problem shown. Determine
the unknown displacements and rotations.
1000 Nim
2500 N
1250 M-m

Linear spring,

Em k= 10-4 El (Nim)

b =34 -6 -
[KH<Y 7 zer |5 w0 % 1
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Homework 4

Wednesday, October 30,202: n Y McC

B
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Due Date: November 3,2024 NAME: Daston & foyn M
HOMEWORK SET #4
ME/AE 5212 INTRODUCTION TO FINITE ELEMENT ANALYSIS

Solve the following beam problems using Euler-Bemoulli beam theory. Use the minimum mumber
of elements. Determine the unkmown displacements and slopes.
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